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Abstract

This paper develops an analytical model that incorporates an infinite number of periodically spaced discrete masses into
the equations of elasticity of a two-dimensional solid that is excited by a harmonic force in both time and space. Two
specific problems are addressed. The first is that of a plate with the masses on the bottom edge, and the second is that of a
plate with the masses embedded in the medium. The equations of elasticity are written as stress field expressions with the
appropriate boundary conditions in the spatial-frequency domain. An infinite number of indexed equations are generated
using an orthogonalization procedure. Once this is accomplished, all the indexed equations of the system are written
together in a single matrix equation. The problem is then solved using a truncated set of terms and the displacement fields
are transferred into the wavenumber—frequency domain for analysis. These results are compared to previously available
low frequency model results for solutions involving the flexural wave in the plate. A numerical example is then solved at
high frequency that includes higher-order wave motion, and this example is discussed.

Published by Elsevier Ltd.

1. Introduction

Plate theory has been researched extensively for many years. Early plate and beam theory [1] modeled
displacement in thin plates and beams. These models contain primarily flexural wave dynamics and are
inaccurate at high frequencies and wavenumbers. Rotary inertia and shear effects [2] were added to the
flexural wave model to obtain more accurate results at increased frequencies. Fully elastic models [3] were
developed to incorporate plate dynamics as the wavelengths of energy that propagate in the plate began to
approach and surpass the thickness of the plate. Analysis has also been conducted on the dispersion curves of
these systems, particularly in the area of free-wave propagation [4-9]. To a lesser extent, the mode shapes of
these systems have been studied and documented [10,11].

The complexity of plate models has increased over the years by the addition of stiffeners (ribs) or masses.
The problem of a fluid-loaded infinite thin plate with infinite sets of parallel stiffeners excited by a point load
has been analyzed in a study that modeled the stiffeners as line forces [12]. This problem was extended to
include a moment exerted by the stiffeners and forcing functions of plane wave, line, and point forces on
beams [13] and plates [14,15]. The fluid-loaded infinite plate problem was reformulated for a finite number of
equally spaced stiffeners [16] and was further studied for randomly spaced stiffeners [17]. The problem of a
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fluid-loaded, aperiodic-stiffened infinite plate has also been addressed [18], as has the analysis of a finite-sized
plate containing concentrated masses [19]. In these studies [12—-19], the plate model has been either a thin plate
or a thin plate with rotary inertia and shear effects. Finally, the problem was modeled using finite elements to
produce numerical solutions [20]. It is noted that the modeling technique of adding a stiffener to the plate is
similar to that of adding a discrete mass to the plate.

This paper presents an analytical model that incorporates an infinite number of periodically spaced masses
into the equations of elasticity that model motion and stress in a two-dimensional fully elastic solid. This
model is intended to be used for high frequency analysis where a relatively soft medium contains embedded
pieces that have much higher density, e.g. coated structures that for various reasons have to contain heavier
pieces. The formulation of the problem begins with elasticity theory, that models the motion in the solid as a
combination of dilatational and shear waves. From this theory, an expression for plate displacement is
obtained. The displacements are then inserted into stress relationships that are set equal to the forces acting on
the structure by the masses. The problem is then written as a dynamic system, in matrix form, where the left-
hand terms represent the zero-order mode and is equal to an infinite number of right-hand terms that
represent the masses acting on the structure plus a term that models the plane wave forcing function.
Rewriting this zero-order term by increasing and decreasing the mode index results in an expression for the
higher-order modes. The integer shift property is then applied to the right-hand side of all of the terms,
resulting in an infinite set of equations that model the wave propagation coefficients of all the modes of the
structure. This set of equations is truncated to a finite number of terms, and a solution to the displacement and
stress field is calculated. Two different cases are examined: (1) where the masses are on the edge of the plate
and (2) where the masses reside within the interior of the plate. The solution is compared to a previously
solved problem at low frequency where the wavelength of the harmonic forcing function is large compared to
the thickness of the plate. A numerical example of a high-frequency problem is included and discussed.

2. Elastic plate with masses aligned on the lower surface

The first problem analyzed is that of an elastic plate with discrete (point) masses at the bottom edge, as
shown in Fig. 1. The masses on the bottom of the plate are equally spaced a distance of L (m) in the x-
direction and each has a mass per unit length of M (kg/m). The plate has a thickness of /2 (m) and is loaded on
the top surface with a normal forcing function. The model is based on the following assumptions: (1) the
forcing function acting on the plate is a plane wave at a definite wavenumber and frequency, (2) the
corresponding response of the plate is at definite periodic wavenumbers and definite frequency, (3) motion is
normal and tangential to the plate in one direction (two-dimensional system), (4) the plate has infinite spatial
extent in the x-direction, (5) the masses have translational degrees of freedom in the x- and z-directions, and
(6) the particle motion is linear.
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Fig. 1. Elastic plate with periodic edge masses.
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The motion of the elastic plate is governed by the equation [21]

azg(x, Y,2,1)
or? ’

1Vrg(x,y,2,0) + (A + VY- g(x,y,z,0) = p (1)

where p is the density (kg/m3), A and p are the Lamé constants (N/mz), t is time (s), - denotes a vector dot
product, and g(x,y,z,f) is the three-dimensional Cartesian coordinate displacement vector and is written as

u(x,y,z,1) Vo (x,y,2,1)
g(X,y,Z, t) = U(X,y,Z, Z) = V¢(X,y,2, t)+ V x tﬁy(x,y,z, t) b4 (2)
w(x, y,z,1) V.(x,y,2,1)

where ¢ is a dilatational scalar potential, V is the gradient operator, x denotes a vector crossproduct, and zZ is
an equivoluminal vector potential. The formulation is now condensed into a two-dimensional problem; thus,
v =0 and 0(-)/0y = 0. Expanding Eq. (2) and breaking the displacement vector into its individual nonzero
terms yields

0p(x,z,0) O (x,2,0)

M(X, Z, t) = A = (3)
and

where u(x,z,t) is the displacement field (m) in the tangential (horizontal) direction and w(x,zf) is the
displacement field in the normal (vertical) direction (m). Egs. (3) and (4) are next inserted into Eq. (1), which
results in two decoupled wave equations, given by

Ph(x,z, t
C§v2(rb(x7 z, [) = % 5 (5)
and
,ZVZ _ azl//y(x: Z, Z) 6
CA\- lpy(xi z, Z) — Ts ( )

where Eq. (5) corresponds to the dilatational component and Eq. (6) corresponds to the shear component of
the displacement field. Correspondingly, the constants ¢, and ¢, are the complex dilatational and shear wave
speeds, respectively, and are determined by

cqg = . (7

and

o= ﬂ (8)
0

The displacement field is modeled as a sum of functions with respect to spatial coordinate z multiplied by an
exponential in space and time. Using this form, Eqgs. (5) and (6) can be solved separately. The result is then
inserted into Egs. (3) and (4), and noting as others have [13] that the response is spatially harmonic for
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spatially periodic systems, gives the individual displacement fields as

m=+00
u(,z,0) =Y Un(z) explikyx) exp(—ion)
m;+oo
= Z [4,1k,,, sin(e,z) + Biyik,, cos(oy,z)
— CuPy c08(B,2) + Dinf,, sin(B,,z)] exp(iky,x) exp(—iw?), (9a,b)
and
m=+0o0
w(x,z,t) = Z W u(2) exp(ik,,x) exp(—iw?)
metoo
= Z [An0 €O8(02) — Bty Sin(oty,z)
+ Cpiky, sin(f,,z) + Dyik,, cos(f,,z)]exp(ik,,x) exp(—iwt), (10a,b)

where A4,,, B,,, C,, and D,, are complex wave propagation coefficients of the plate and are determined by
solving the system of equations below using four boundary conditions: i = +/—1, w is the frequency (rad/s), k,,
is the spatial periodic wavenumber (rad/m) and is written as

2nm
= _, 11
k k+ 7 (11)

where k is the wavenumber (rad/m) with respect to the x axis, o, is the modified wavenumber (rad/m)
associated with the dilatational wave and is expressed as

Oy =\ K5 — K2, (12)

where k, is the dilatational wavenumber and is equal to w/c4 with ¢, being the dilatational wavespeed (m/s);
fm 1s the modified wavenumber (rad/m) associated with the shear wave and is expressed as

ﬁm = \/ k\2 - klz‘n’ (13)

where k; is the shear wavenumber (rad/m) equal to w/c, and c¢; is the shear wavespeed (m/s). To solve for the
wave propagation coefficients, the boundary conditions at the top and bottom of the plate have to be specified.

If the plate edges contain only the normal forcing function shown in Fig. 1 (i.e. the masses are absent), the
normal stress on the top of the plate (z = b) is

Ou.(x,b, 1) ) Oux(x,b,1)
0z

T2(x%,b,0) = (A4 2) A (14)

the tangential stress on the top of the plate is

sz(x’ b, t) — 'u aux(xa bs t) + auz(X, ba t) — 0’ (15)
0z Ox
the normal stress on the bottom of the plate (z = a) is
raCea) = (2 0D AeD (16)
0z Oox
and the tangential stress on the bottom of the plate is
tlva,) = | oo D QRG] a7
Oz Ox

where f(x, 7) is the forcing function exciting the top of the plate expressed in force per unit area (N/m?).
Eqgs. (1) and (14)—(17) are the governing partial differential equations and the boundary conditions for the
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displacement in an elastic plate excited by a continuous forcing function on one edge or boundary. For a
harmonic space—time loaded structure, the forcing function is given as

f(x,t) = F exp(ikx) exp(—iw?). (18)

This is a traditional boundary value problem that is formulated and solved in many classical textbooks. The
problem of interest in this paper, however, is the discrete mass loading, and these dynamic forces are now
added to the boundary conditions when they reside on the bottom edge.

The normal stress due to the forces induced by the motion of the masses is equal to the summation of the
mass multiplied by the acceleration in the z-direction times the spatial Dirac delta function for each individual
mass. This expression is

n=+00 82 ~
wna )=y M%a(x —nL). (19)

Similarly, the tangential stress due to the forces induced by the motion of the masses is equal to the
summation of the mass multiplied by the acceleration in the x-direction times the spatial Dirac delta function
for each individual mass. This equation is written as

franyy azux(xy a: Z)

TZX(x’a’ [): Z M atz

n=—oo

5(x —nL). (20)

It is noted that each mass can also be attached to ground with a parallel spring and damper by replacing the
mass times vertical acceleration term

Q%u.(x,a,t)
M-—" 21
with
azuz(x, a,t) Ou.(x,a,t)
M n + P o + Ku.(x,a,t), (22)

where in Eq. (22), P is the viscous damping coefficient per unit length (N's/m?), and K is the spring constant
per unit length (N/m?). This system, shown in Fig. 2, corresponds to a periodically damped and stiffened
elastic plate with discrete masses.

f(xt)

N

Fig. 2. Elastic plate with periodic edge masses, dampers, and springs.
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The equations for the wave propagation coefficients are obtained by inserting Eqgs. (9a) and (10a) into Eqs.
(14)—(17) along with the mass boundary conditions given by Egs. (19) and (20) and the forcing function in Eq.
(18). This yields

m= +oo m( ) m=+0o0

(A +2p) Z exp(iknx) + ik Z U,n(b) exp(ik,,x) = —F exp(ikx), (23)
m=+0oo m=+00
ﬂ[ Z aljamz(b) exp(ikmx)+ik,,1 Z Wm(b) eXp(lkm)C)‘| = 0, (24)
m= +oo m=-+00
@ exp(ikiyx) + ikl Z U (@) exp(iky,x)
n=+oo | m=+4o00 q
=-o’M ) [ > Wl exp(ikmx)] d(x —nL), (25)

and

=00 m=400
u [ Z 0 Um (Cl) exp(lka) + ik, Z Wm(a) eXp(lka)]

n=-4o0 | m=+o0
=-o’M ) [ > Unla) exp(ikmx)l 5(x — nL). (26)

The Dirac delta comb function that is present in Eqgs. (25) and (26) obeys the relationship

n=+o00 n+oo

> d(x—nlL)= Z exp(i2nnx/L), (27)

n=—00 n——OO

and using this equation, Egs. (25) and (26) become

m= +oo m=+0o0
(2 +2u) Z eXP(ikn ) + ikt D Un(@)exp(ikn)

— 2 MR =t
=T L Z [ Z Win(a) eXp(ikmx)] exp(i2nnx/L), (28)

n=—00 | m=—00

and

m=t00 m=+00
M[ Z aUm(a) exp(ikpX) + ik, Z W (@) exp(ikn )

_wZM n=+oo | m=+oo
=—7 Z [ Z Un(a) exp(ikmx)] exp(i2rnx/L). (29)

n=—00 | M=—00

Both the n and m summations run from minus infinity to plus infinity, therefore, the following relationship
must hold true:

n=4-o00 | m=+o00 n=-+oo m=+o00
> [Z W () exp(ikmx)] exp(i2nnx/L) = | Y W,,(a)] > explikix). (30)
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Eq. (30) is also applicable to the U,,(a) term, and inserting this into Egs. (28) and (29) yields

m=+00 0 Wm(a) m=+00

(A+2w Z ———exp(ik;ux) + ik, A Z U,(a) exp(ik,,x)

m=—0Q m=—00

n=+00 ‘| m=+00

W, (a) exp(ik,,x), (3D
= >

n=—00 m=—00

and

"SR0UM) LR :
" Z 2 exp(ikyx) ik D W(@) exp(ikix)

n=+oo m=+00
Z Ua)| Y expliknx). (32)

Eqs. (23), (24), (31), and (32) are now all multiplied by exp(—ik,x) and integrated from [0,L]. This results in
an orthogonal relationship, and the series terms of the equations will decouple into individual m indexed
equations. The normal stress equation at z = b becomes

aW b —F, m=0,

G200 O i) = {0’ "o (33)

and the tangential stress equation at z = b becomes
D i, )] = 0. (4

The normal stress equation at z = a@ becomes
( ) 2n 400

G4 202D e AU a) = Z Wu(a). (35)

and the tangential stress equation at z = a becomes

U, n(a) —M? "

H| =2+ ik Wm<a)] L 2 U@ (36)

Eqgs. (9b) and (10b) are inserted into Eqgs. (33)—(36); however, this substitution alone does not produce a
solution to the problem, because the result is four equations and an infinite number of unknowns. This
substitution for m = 0 is rewritten in matrix form as

n=+o00

AQWNIXO)) = Y [UP U)X (k) + 1, (37)

n=—oo

where [A© (k)] is a four by four matrix that models the dynamics of the plate for m = 0, {x©(k)} is the four by
one vector of wave propagation coefficients for m = 0, [U”(k,)] is the four by four matrix that represents the
periodic mass loading on the structure for nth mode, {x"(k,)} is the four by one vector of wave propagation
coefficients for nth mode, and f is the four by one vector that models the plane wave excitation. The entries
of the matrices and vectors in Eq. (37) are listed in Appendix A. It is noted that in the absence of masses,
all [U"(k,)] terms are zero, and Eq. (37) regresses into the traditional elastic plate problem given in
Egs. (14)—(17).
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To facilitate a solution to the problem, index shifting is employed. The integer shift property of an infinite
summation is applied to Eq. (37), which results in
n=-+4oo f, m = 0
AP )X i)y = > U ey HX" " ey} +

Nn=—00 0, m;ﬁ()
ST ) £, m=0,

— 10L& kn n kn + 38
n:E—oo[ (k) (X" (kn)} 0. m=0, (38)

where the 0 term is a four by one vector whose entries are all zeros. Once the [A] matrix is integer-indexed
and the displacement load matrix indices have been shifted, the system equations can be rewritten using all the
n-indexed modes as

Ax=Ux+F, (39)

where A is a block-diagonal matrix and is equal to

ATDk-_] 0 0
A= |... 0 [A(O)(k)] 0 ol (40)
0 0 AV

U is a rank deficient, block-partitioned matrix and is written as

U] [UO0] (UG
U= | U] U] U] | (4D
[UDG-] U] [UOG)]

F is the plane wave load vector
F=[--- 0" 7 o" ...]%, (42)
and x is the wave propagation coefficient vector that contains all the unknown indexed coefficients as
x=[- OG- xO®YT xOC))T (43)

The 0 term in Eq. (40) is a four by four matrix whose entries are all zeros and the 0 term in Eq. (42) is a four
by one vector whose entries are all zeros. Eq. (39) is assembled, and the wave-propagation coefficients that
reside in the X vector can be determined using

x=[A—UJ"'F. (44)

When the coefficients are determined, the displacements of the system in the spatial domain can be
calculated using Egs. (9b) and (10b).

For many analytical problems, it is desirable to transform the solution into the wavenumber—frequency

domain for analysis. For a function that is periodic on the interval [0,L], the Fourier transform into the
wavenumber domain is

R 1 /L
G(k) == / g(x, z, 1) exp(—ikx) dx. (45)
0

Insertion of Egs. (9b) and (10b) into Eq. (45) results in the integrand for all the n#0 terms equaling zero, and
this results in

ik, z, t) = [Aoik sin(apz) + Boik cos(aoz) — Cofiy cos(fyz) + Dofy sin(fyz)] exp(—iwt), (46)
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and
w(k, z,t) = [Agog cos(ogz) — Boog sin(ogz) + Coik sin(fyz) + Doik cos(fyz)] exp(—iw?), 47)

where the hat overscript denotes the displacement function in the wavenumber domain.

The elastic plate model can be compared and, thus, validated for a relatively thin plate at low frequency
using the Timoshenko—Mindlin differential equation of motion applied to an infinite plate containing periodic
masses. This model has been previously analyzed [12,19] using a line load excitation and the Bernoulli-Euler
differential equation of motion. This model has one degree of freedom that is the displacement in the z-
direction. It is reformulated below to correspond to plane wave excitation and to include shear and rotary
inertia effects of the plate. This transfer function of normal displacement divided by excitation force is

Wik, w) 1 — (Ma?/L)T(k) + (Ma?* /L) = 2 T(ky) .
— = T(k) Tt (MwZ/L)ZZif£ Ttk,) exp(—iwt), (48)
where
2 2
T = —1 — (D/K*uh)k” + (ph” /12K W) w? 7 49)
— K w K ™ — (0]
Dk* — [(Dp/K2) + (plt [ 12)]?k” + (921 [ 12k2 )w* — (ph)or?
EW’
D=1ma—wny (50)
and
5
2 _
K= (51)

In Egs. (49) and (50), E is Young’s modulus (N/m?) and v is Poisson’s ratio (dimensionless).

Fig. 3 is a plot of the transfer function of displacement in the z-direction divided by input force versus
wavenumber at a frequency of 220 Hz. The time exponential function has been suppressed. This example was
generated with the following system parameters: thickness is 0.01 m, density is 1200 kg/m®, Lamé constant / is
2.25 x 105N/m?, and Lamé constant y is 2.50 x 10’ N/m?. In Fig. 3, the dashed line is Timoshenko—Mindlin
plate theory without the periodic masses (i.e., M = 0); the solid line is elastic plate theory with M = 0.5kg/m
and L = 0.2m and corresponds to Eq. (47); and the x symbols are Timoshenko—Mindlin plate theory with
M = 0.5kg/m and L = 0.2m and corresponds to Eq. (48). The elastic plate model was calculated using seven
modes (-3<n<3) that produced a 28-by 28-clement system matrix. The resonance exhibited by the
Timoshenko—Mindlin plate model is the plate flexural wave. This energy is shifted higher in wavenumber as
masses are added to the system. Additionally, the added masses facilitate wave propagation in the system at
integer multiples of the characteristic lengths of the mass separation distance. These effects, frequently called
Floquet waves, can be seen at around 13, 15 and 50rad/m. The transfer function in the x-direction is not
shown because the Timoshenko—Mindlin equation of motion does not support a degree of freedom in this
longitudinal direction.

Fig. 4 is a plot of the elastic plate transfer function calculated using one, three, five, and seven terms
compared to Timoshenko—Mindlin plate theory for the above example. This plot illustrates the behavior of the
model as more terms are added to the truncated model. Notice that more terms, in general, correspond to
dynamics at higher wavenumbers. Numerical simulations suggest that every indexed (nontruncated) term
retained in the analysis corresponds to a resonant peak in the response. The convergence of three, five, and
seven term fully elastic models to the Timoshenko—Mindlin model was demonstrated by comparing the
average difference in normal displacement magnitude values. For this convergence test, the frequency was
changed to 50 Hz and the wavenumber range of 0 to 60 rad/m was retained. These low values of frequency and
wavenumber insured that the Timoshenko—Mindlin model was evaluated in a region where the models’
assumptions are valid. The average difference between the two models was 0.0076 for the three term elastic
model, 0.0064 for the five term elastic model, and 0.0069 for the seven term elastic model. This comparison
shows analytical convergence between the two models.
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Fig. 3. Transfer function of displacement divided by excitation force versus wavenumber at 220 Hz: (a) magnitude and (b) phase angle.
(------ ) Timoshenko—Mindlin plate, no added masses; ( ) elastic plate, added masses; and (x) Timoshenko—Mindlin plate, added

masses.

3. Elastic plate with embedded interior masses

The elastic plate model can be modified so that the periodic masses are moved from the edge into the
interior of the plate, as shown in Fig. 5. The solution to this problem is divided into two domains based on the
value of z. The upper region of the plate, location h<z<c, is denoted with a prefix superscript (2), and the
lower region of the plate, location a <z<b, is denoted with a prefix superscript (1). The displacement in the x-
direction, which is found by applying Eq. (9) on two different regions, is

u(x,z, t) =

m=+-o00

Z [(2) Um(Z)] exp(ikmx) exp(—iwt),

m=—0oQ

m=+0o0

> [VUn(2)]exp(ikyx) exp(—iw),

m=—0Q

(52)



A.J. Hull | Journal of Sound and Vibration 310 (2008) 1-20 11

<
& T T
g -120 (@)
e i
o} ]
= H ﬂ
2 w0 | il
) -~ 1 \'s
= VTN
= -160 | ‘
=y | H | | | |
= 0 10 20 30 40 50 60
<
&
g -120
S
=
g -140
Q
E
= -160
)
<
=
<
&
g -120
i
g
g -140
Q
E
= -160
=
=
g T
g -120 | (d)
S
=
g -140 t
Q
E
= -160 r
ep 1 | 1 1 1 1
= 0 10 20 30 40 50 60
‘Wavenumber (rad/m)
Fig. 4. Comparison of transfer functions, ( ) elastic plate and (------ ) Timoshenko—Mindlin plate: (a) one elastic plate term, (b) three

elastic plate terms, (c) five elastic plate terms, and (d) seven elastic plate terms.

//—\
f(xp)
\ A YYYVYVYY
Z=cC
Zz

M M M, M M M

=b— \ @ { ] { ] ( (] (]
Z=a
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where

DU ,(2) = Apiky, sin(o,z) + Bpiky, cos(0z) — CoB,, 0S(f,,2) + Dyp,, sin(B,,z), (53)
and

DU, (2) = Epiky, sin(o,z) + Fppiky, co8(0z) — GoPoy €0S(Bnz) + Hnf,, sin(B,2). (54)

Similarly, the displacement in the z-direction is

m=+00
S [P W ,u(2)] explik,,x) exp(—iwt), b<z<c,

m=—0Q

W(X,2,0) = ¢ too (55)
S [OW,u(2)] explik,x) exp(—iwt), a<z<b,
m=—oc
where
OW ,(2) = Aty cOS(tnz) — Bty sin(e,2) + Coikyy Sin(B,,z) + Dpik,, cos(f,,z), (56)
and
OW,(2) = Epttn c08(02) — Fpttyy $i0(02) + Grnikyy sin(B,,2) + Hoiky, cos(B,,z). (57)

There are eight boundary conditions that govern the system; two at the top, four at the interface between
region one and two, and two at the bottom. The first two equations are the normal and tangential stress,
respectively, at the top surface of the upper plate:

Dr.(x,0,0) = —f(x,0), (58)

and
@Dz (x,c,1) = 0. (59)
The next four boundary conditions are the interface equations on the plane where the masses reside. The

normal and tangential stress balances, respectively, between the upper and lower region of the plate, can be
calculated using Eqgs. (16), (17), (19), and (20) evaluated at z = b. They are

n=+0o00 2
(2)TZZ(X9 b’ Z) - (I)TZZ('X:9 b» t) = Z Ma%);z,b,l)

n=—0oo

d(x —nL), (60)

and

franyy azu)((xa b) Z‘)

O, b,0) = Vel b = Y M——37=0(x —nL). (61)

Continuity of displacement in the z- and x-directions at the interface are
Ovw(x, b, 1) — Yw(x,b,1) =0, (62)
and
Du(x, b, t) — Vu(x, b, 1) = 0. (63)

The final two boundary conditions are the normal and tangential stress at the bottom surface of the lower
plate:
(l)rlz(xa aa Z) = 05 (64)
and

D1 (x,a,0) = 0. (65)
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Eqgs. (52)—(57) are now substituted into Eqgs. (58)—(65) and the orthogonalization procedure developed in
Section 2 is applied to these equations yielding

n=+o00

BOWHY " ()} = > VP G)ly”(ki)} +h, (66)

n=—00

where [B”)(k)] is an eight by eight matrix that models the dynamics of the plate for m = 0, {y©(k)} is the eight
by one vector of wave propagation coefficients for m = 0, [V®(k,,)] is the eight by eight matrix that represents
the periodic mass loading on the structure for the nth mode, {y"(k,)} is the eight by one vector of wave
propagation coefficients for the nth mode, and h is the cight by one vector that models the plane wave
excitation. The matrix and vector entries in Eq. (66) are listed in Appendix A. The solution method is identical
to that shown in the previous section for the plate with edge masses, although each n-indexed vector has eight
entries associated with it instead of the four entries when the masses are on the edge of the plate. Thus, the
solution becomes

y=[B— V] 'H. (67)

The previous example problem of an elastic plate with discrete masses at the bottom edge was re-analyzed
and the displacement results were identical in the z-direction and nearly identical in the x-direction. This
indicates that moving the masses into the interior has no effect on the z-displacement and only a slight effect
on the x-displacement at this analysis frequency (220 Hz), which is an expected result because this is a low-
frequency example where the wavelengths of the forcing function are much larger than the thickness of the
plate.
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Fig. 6. Dispersion curve of plate with edge masses: (——) infinite plate waves, (—-—) Floquet waves of the n = 0 antisymmetric wave (ag),
(----) Floquet waves of the n = 0 symmetric wave (so), and (------) Floquet waves of the n = 1 antisymmetric wave (a;).
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4. Numerical example

A numerical example is now analyzed to show the dynamic response of elastic plates with masses on the
edge and in the interior. This example was generated with the following system parameters: thickness is 0.1 m,
density is 1200 kg/m>, Lamé constant 2 is 4.5 x 10 N/m?, Lamé constant p is 5.0 x 10’ N/m?, mass per unit
length is 3.0 kg/m, and the mass separation distance is 0.3 m. Both elastic plate models were calculated using 15
modes (-7<n<7) that produced a 60- x 60-element system matrix for the edge mass problem and a 120-
x 120-element system matrix for the interior mass problem. For the interior mass problem, the masses were
located at the mid-plane of the plate. The displacement values were output at location of 0.25h (0.025m) from
the top of the plate. This problem is constructed so that the wavelengths of the shear and dilatational waves
(0.204 and 0.677 m, respectively) were on the order of the length scales of the plate thickness and mass
separation distance.

Fig. 6 is a plot of the dispersion curve for the plate with edge masses, which corresponds to free-wave
propagation of the system. The figure was calculated by finding the location in the wavenumber—frequency
plane where

det[B — V] = 0. (68)

A frequency range of 02000 Hz was chosen so that the first three waves are present in the plot. Higher
frequencies, where additional higher order modes exist, are not shown for plot clarity. The three solid lines
represent locations of waves in the wavenumber—frequency plane that are present in the infinite plate without
periodic masses, as well as the system with added masses. These waves are marked as follows: ay which is the
zero-order antisymmetric wave, s, which is the zero-order symmetric wave, and @; which is the first-order
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Fig. 7. Transfer function of tangential displacement divided by excitation force versus frequency and wavenumber for a plate with edge
masses. Scale in dB ref m/Pa.
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antisymmetric wave. The short dashed line is the Floquet waves associated with the n = 0 antisymmetric wave,
the long dashed line is the Floquet waves associated with the n =0 symmetric wave, and the short
dashed-long dashed line is the Floquet waves associated with the n = 1 antisymmetric wave. These Floquet
waves correspond to waves that share an integer multiple of a characteristic wavenumber of the infinite plate
waves. This wavenumber is determined by

_27t

ko=

(69)
and is equal to 20.9 rad/m. These Floquet waves represent energy that is propagating in the gaps between the
periodic masses.

Figs. 7 and 8 present the transfer function of tangential displacement and normal displacement, respectively,
divided by excitation force versus frequency and wavenumber for the plate with edge masses. In both figures,
the data are displayed in the decibel scale referenced to meters per Pascal. The free wave that appears in the
dispersion curve is clearly evident in both the tangential (Fig. 7) and normal (Fig. 8) displacement data. Figs. 9
and 10 present the transfer function between tangential displacement and the normal displacement,
respectively, and force versus wavenumber at 900 Hz. Figs. 9 and 10 are divided into two plots for clarity: the
upper plot is the problem of an elastic plate with edge masses and the lower plot is the elastic plate with
interior masses. The dashed line in all four plots is the elastic plate solution with the absence of masses
(M = 0).

Upon examination of Figs. 9 and 10, several features are noted. The resonance peaks are observable because
the transfer function is no longer a smooth, continuous function of wavenumber and frequency, as the point
masses and their characteristic length introduce additional resonances and anti-resonances into the response
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Fig. 8. Transfer function of normal displacement divided by excitation force versus frequency and wavenumber for a plate with edge
masses. Scale in dB ref m/Pa.
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Fig. 9. Transfer function of tangential displacement divided by excitation force versus wavenumber at 900 Hz for (a) ( ) edge masses
and (b) ( ) interior masses compared to (------ ) plate without masses.

of the system. This result is expected because the model has changed from a continuous, homogeneous infinite
structure to a periodic structure that admits Floquet wave motion by the addition of discrete masses.
Additionally, this effect has also been evident in previously developed low-frequency (bending-wave) models.
The overall energy levels are approximately the same between the models with masses and the models without
masses.

5. Conclusions

The solution of an elastic plate containing periodic edge and embedded masses harmonically loaded in space
and time has been derived and found to compare favorably with previously developed thin plate models at low
frequency. A numerical example of high-frequency dynamics was presented and the details discussed. The
dispersion curve and transfer functions of tangential and normal displacements were illustrated. It was shown
that the lower- and higher-frequency waves propagate at spatial lengths that correspond to integer multiples of
the separation distance of the periodic masses. This characteristic makes the system become modally dense,
even at low frequency and low wavenumber.
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Appendix A. Matrix and vector entries

The entries of the matrixes and vectors in Eq. (37) are listed below. Without loss of generality, the bottom of
the plate is defined as z = a = 0. For the [A(")(k,,)] matrix, the nonzero entries are

a = (=02 — 202 u — 2k2)sin(a,h), (A.1)

apy = (=022 — 2021 — Jk>) cos(a,h), (A.2)
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a3 = 2iuk, B, cos(p,h) (A.3)
ajig = _2iﬂknﬁn Sin(ﬂnh)s (A4)
ary = 2ipk,o, cos(oy,h), (A.5)
axy = —2iuk,o, sin(o,h), (A.6)
a3 = w(;, — ky)sin(B,h), (A7)
ax = u(B;, — k) cos(B,h), (A8)
azp = —ocii — 2oci,u — ikﬁ, (A.9)
6133 - 2i,u'kﬂﬁn7 (AIO)
ag = 2ipk,o,, (A.11)
and
as = (2 — K2). (A.12)
For the [U"(k,)] matrix, the nonzero entries are
—Mao?
Us) =~ (A.13)
—Mao? .
Uzg = I lkn, (A.14)
—Mao?.
Ugy = 2 lkm (AIS)
and
Maw?
Uyy = 3 ﬁn' (A16)
The {x©(k)} vector entries are
xOU)}y={4 B C DY'={40 By Co Do} (A.17)
The x vector entries are
x={... Ay B, C_y Dy Ay By Cy Dy A1 B, C; D }T (AIS)
The f vector entries are
f={—F 0 0 0} . (A.19)

The entries of the matrixes in Eq. (66) are listed below. Without loss of generality, the location of the masses
in the z-direction is defined as z = b = 0. For the [B"(k,)] matrix, the nonzero entries are

by = (=022 — 202 — Ak2) sin(a,¢), (A.20)
biy = (=022 — 2021 — k) cos(a,c), (A.21)
b1z = 2ipkyf, cos(B,c), (A.22)
b1y = —2iuk,p, sin(B,c), (A.23)

by = 2ipk,o, cos(oy,c), (A.24)
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by = —2iuk,o, sin(o,c),
byy = (B, — ky) sin(B,¢),
bay = u(By — k) cos(B,.c),
by = —022 — 203 — k2,
b3z = 2ipk,p,,
bys = a2/ + 2020 + ik,
by = —2ipk,f3,,
by = 2ipk, o,
bas = u(B;, — ky).

bys = —2ipk, 0,

bag = —p(B2 — k2),

bsy = ay,

bsq = ik,

bss = —ay,
bss = —ikn,
ber = iky,

bes = =P,
bes = —iky,
ber = B,

brs = (=02 A — 2021 — 2k2) sin(a,a),
brs = (=022 — 2021 — Jk2) cos(a,a),
by = 2ipknp, cos(B,a),
brg = =2ipk, B, sin(f,a),
bgs = 2iuk,o, cos(o,a),

bge = —2iuk,o, sin(o,a),

bsy = (B, — ky) sin(B,a),

bss = p(By — ky) cos(B,a).

(A.25)
(A.26)
(A.27)
(A.28)
(A.29)
(A.30)
(A31)
(A32)
(A33)
(A.34)
(A35)
(A.36)
(A37)
(A.38)
(A.39)
(A.40)
(A.41)
(A.42)
(A.43)

(A.44)

(A.45)
(A.46)
(A.47)
(A.48)

(A.49)

(A.50)

(A.51)
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The [V"(k,)] matrix can be written as
U™(k,) 0
0 0

where [U"(k,)] is defined in Eqs. (A.13)~(A.16) and 0 is a four by four matrix whose entries are all zero. The
{yO(k)} vector entries are

VO(k,) = , (A.52)

yOky={4 B C D E F G H}T
={40 By Cy Dy Ey Fy Gy Ho)T. (A.53)
The y vector entries are
y={- A, B, C, D, E, F, G, H.,
Ay By Co Dy Ey Fo Gy Hy
A B C D E F G H -1 (A.54)
The h vector entries are

h={-F 0 0 0 0 0 0 0} (A.55)
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